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Gas bubble growth as a result of diffusion flux of dissolved gas molecules from the sur-
rounding supersaturated solution to the bubble surface is studied. The condition of the 
flux steadiness is revealed. A limitation from below on the bubble radius is considered. 
Its fulfillment guarantees the smallness of fluctuation influence on bubble growth and 
irreversibility of this process. Under the conditions of steadiness of diffusion flux three 
stages of bubble growth are marked out. With account for Laplace forces in the bubble 
intervals of bubble size change and time intervals of these stages are found. The trend of 
the third stage towards the self-similar regime of the bubble growth, when Laplace 
forces in the bubble are completely neglected, is described analytically.  
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INTRODUCTION 
The aim of the present paper is to elaborate a theoretical description of a gas bub-
ble growth during a phase transition in a strongly supersaturated gas-liquid solution. 
Formation and growth of gas bubbles in a solution is a highly widespread phenomenon 
both in nature, and in technological processes. Gas bubble growth plays an important 
role in the production of microcellular materials based on polymers, metals or glass. Be-
sides, growth of water vapor bubbles dissolved in magmatic melt is a process which 
leads to volcanic eruptions. 
The theory of the phenomenon under consideration is formally similar to the the-
ory of cavitation [1, 2] or to the theory of boiling processes in superheated liquid [3, 4]. 
However, there is a considerable difference between these theories caused by the differ-
ence in the physical nature of initial metastable states of the system. Metastability of 
liquid phase in cavitation or boiling is related, correspondingly, with expanding or with 
overheating of liquid. During decomposition of liquid solution supersaturated with gas 
the solvent usually has the same temperature and pressure as the solution, corresponding 
to the stability area of the liquid phase; and solution metastability is connected with the 
fact that its concentration exceeds the concentration of saturated solution. 
Let us first make an important clarification. After the instant creation of super-
saturation in the solution of gas in liquid and after a certain delay a gas bubble nucleates 
fluctuationally, and then grows irreversibly. The subject under consideration in the cur-
rent paper is such irreversibly growing bubble. Right after nucleation the bubble has 
such a small size that Laplace forces have significant impact on the pressure. Although 
these forces decrease with bubble growth, nevertheless, as it is determined below, they 
influence the bubble radius time dependence for a relatively long time. 
The growth of a gas bubble in supersaturated gas-liquid solution has been studied 
earlier in papers [5−16]. In the present paper the following problems that have not been 
discussed before, are considered. The growth regularities analysis is conducted for high 
values of initial supersaturation necessary for the fluctuational nucleation of the bubble. 
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The condition guaranteeing the steadiness of the flux of dissolved gas molecules to the 
bubble surface is revealed. Earlier this condition has only been obtained for the particu-
lar case of self-similar regime of bubble growth [16]. The limitation from below on the 
bubble radius, the fulfillment of which guarantees the smallness of the influence of fluc-
tuations on the bubble growth, and its irreversibility are considered. Basing on this limi-
tation, we introduce the initial condition to the equation describing bubble growth. 
Within the assumption of the diffusion flux steadiness we reveal three stages of the 
bubble growth. With account for Laplace forces in the bubble we obtain intervals of the 
bubble size change and corresponding time intervals for these stages. 
The conditions of steadiness of the flux of dissolved gas molecules to the bubble 
surface during each of the stages are revealed; and it is shown that, as a rule, there is 
gradual transition in time from steady regime of bubble growth to the essentially non-
steady one. The trend towards the third stage to the self-similar regime of bubble growth 
studied in [16] is described analytically. In [16] there were no limitations on gas solubil-
ity, but the influence of Laplace forces was completely neglected. We compare the re-
sults for the time dependence of bubble radius obtained using our theory (accounting for 
Laplace forces) with the predictions of self-similar theory to evaluate the precision of 
the latter. This comparison is conducted within the limitations on gas solubility guaran-
teeing the steady growth of the bubble. 
Let us note that the influence of Laplace forces on diffusion growth of a bubble 
under the conditions of steadiness of the diffusion flux has been considered in paper [5]. 
The same problem in case of non-steady conditions has been discussed in paper [6], 
where, however, only a numerical solution of the diffusion equation has been given. In 
papers [5, 6] there high values of supersaturation, when the fluctuational nucleation of a 
bubble is only possible have not been considered. The question of the choice of the ini-
tial condition for the bubble growth equation has not been discussed at all. 
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1. THE BALANCE EQUATION ON  
THE NUMBER OF GAS MOLECULES IN THE BUBBLE 
The state of the solution is stipulated by temperature T , pressure Π  and initial 
gas concentration 0n  (number density of the dissolved gas molecules). Value ∞n  will 
stand for the concentration of the saturated solution, which at given temperature T   and 
pressure Π  is characterized by chemical and mechanical equilibrium with the pure gas 
above the plane contact surface. The solution is presupposed to be diluted. Dissociation 
and chemical transformations of the dissolved molecules are neglected. Let us define 
the solution supersaturation ζ  as  
 .
0
∞
∞
−
≡
n
nnζ  (1.1) 
After a certain time lag from the instantaneous creation of supersaturation a bub-
ble nucleates fluctuationally in the solution and starts growing irreversibly. The subject 
of our research is the evolution of a supercritical bubble from its nucleation and until the 
role of Laplace forces remains essential. We assign the moment of the bubble nuclea-
tion as a time t  reference point. The bubble radius is denoted as R . 
The bubble perturbs the solution. Therefore, the initial concentration 0n  has the 
meaning of the concentration at an infinite distance from the bubble. Assuming the me-
chanical equilibrium between the bubble and the solution, we can write the following 
expression for the gas pressure in the bubble RP   
 ,
2
=
R
PR
σ
+Π  (1.2) 
where σ  is the surface tension of the solvent (in the case of diluted solution). 
Let us denote the equilibrium concentration of the solution at the bubble surface 
as Rn . Obviously, Rn  is the concentration of saturated solution which is in chemical and 
mechanical equilibrium with the pure gas above the plane contact surface at temperature 
T  and pressure RP . Using Henry’s law [17], we have 
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n
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 (1.3) 
where it is presupposed that the properties of the solvent weakly depend on its pressure 
at a given temperature. Substituting (1.2) in (1.3), we obtain  
 .
21=
Rn
nR
Π
+
∞
σ
 (1.4) 
Introducing the radius cR  of a critical bubble according to  
 ζ
σ
Π
≡
2
cR  (1.5) 
(see e. g. paper [7]), we can rewrite (1.4) as 
 .1=
R
R
n
n cR ζ+
∞
 (1.6) 
From (1.6) accounting for (1.1) we have the following equation for the difference 
between the solution concentration at an infinite distance from the bubble and concen-
tration at the bubble surface Rnn −0 , acting as a driving force of bubble growth: 
 ( ) .1= 00 





−−−
∞ R
R
nnnn cR  (1.7) 
Since the bubble is supercritical, then cRR > . 
Assuming the gas in the bubble to be ideal and accounting for (1.2), we have the 
following expression for the number of molecules N  in the bubble  
 ,
2
3
4
=
3






+Π
RkT
RN σpi  (1.8) 
where k  is the Boltzmann constant. The equation on the balance of gas molecules num-
ber in the bubble requires that 
 ,4= 2 RjRdt
dN
pi−  (1.9) 
where the right hand side is the diffusion flux of dissolved gas molecules towards the 
bubble surface. 
Assuming the dissolved gas concentration profile around the bubble to be steady, 
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we have the following expression for the diffusion flux density Rj : 
 ( ),= 0 RR nnR
Dj −−  (1.10) 
where D  is the diffusion coefficient of gas molecules in the liquid solvent (in case of 
diluted solution). Let us notice that in (1.10) the value of dissolved gas concentration at 
the bubble surface is presumed to be equal to the equilibrium value. As it is demon-
strated in [8, 10], such assumption is justified with the observance of the strong inequal-
ity 4 vc TR sD α>> , where s  is the gas solubility that is defined as a dimensionless value 
via 
 ,
Π
≡
∞
kTn
s  (1.11) 
cα  ( 1≤cα ) is the condensation coefficient of a gas molecule at the virtual transition of 
gas molecules from the bubble and into the solution, and vT  is a mean heat velocity of a 
gas molecule inside the bubble. At typical values 12 1010 −− << s , 125102~ −−× scmD , 
4 1v ~ 3 10T cm s
−× , cmRc
710~ −  this inequality is justified even at cRR = , unless cα  is not 
anomalously small. The condition of validity of the steady approximation in (1.10) will 
be clarified in the end of this section. 
Rewriting the balance equation (1.9) using (1.7), (1.8) and (1.10), and accounting 
for (1.1), we obtain the bubble growth equation 
 





+






−
RRRR
RDsR c
/1
111=
σ
ζɺ . (1.12) 
Here dtdRR /≡ɺ ; and σR  is the characteristic bubble radius defined as  
 .
3
4
Π
≡
σ
σR  (1.13) 
In accordance with (1.12) (and cRR > ), we have 0>Rɺ , which corresponds to the mo-
notonous growth of the bubble radius with time. 
From (1.13) and (1.5) it follows that 
 .
3
2
=
ζσ
cR
R
 (1.14) 
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Fluctuational nucleation of a gas bubble is possible only in the case of high values of 
initial supersaturation of the solution, when the following strong inequality is fulfilled  
 10.>>ζ  (1.15) 
Then, (1.14) demonstrates that cRR >>σ . At the same time from (1.13) one can see that 
in the interval σRR <<  (and cRR > ) it is that Π>>Rσ2  (the role of Laplace forces is 
high), but in the interval σRR >>  it is that Π<<Rσ2  (the role of Laplace forces is low). 
Let us introduce characteristic time RRtR ɺ/≡ , during which the bubble radius in-
creases significantly. From physical considerations it is clear that the condition of 
steadiness of dissolved gas concentration in the vicinity of the bubble is equivalent to 
the requirement of the smallness of bubble radius R  in comparison with diffusion 
length 2/1)( RDt . Strong inequality 2/1)( RDtR <<  or equivalent strong inequality  
 1
2/1
<<





D
RR ɺ
 (1.16) 
is the condition of the validity of steady approximation (1.10), i. e. the condition of 
steady bubble growth. Using (1.12), we present the condition (1.16) as inequality  
 1
2/1
<<





+
−
σ
ζ
RR
RR
s c , (1.17) 
which is a strong limitation on the solubility s  for the case of high values of ζ  that are 
under our consideration. This limitation becomes stricter with the growth of R . Condi-
tion (1.17) was formulated previously only for the particular case of self-similar regime 
of bubble growth [16], when this condition is reduced to 1)( 2/1 <<ζs . 
 
2. THREE STAGES OF BUBBLE GROWTH 
Let us now proceed to the examination of bubble growth dynamics in the consid-
ered supercritical interval of its sizes. The appropriate equation is intentionally written 
in a rather awkward form (1.12) for the convenience of its analysis.  Each of the three 
co-factors dependent on R  emphasized in the right hand side of (1.12) describes its 
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physically different contribution to the dynamics of the supercritical bubble growth 
process. Co-factor RRc /1− , increasing with R , corresponds to the fast (the scale of 
change of R  is cR ) increase of the driving force of the process (the value Rnn −0 ) with 
the growth of R . Co-factor R/1 , decreasing with the growth of R , describes, as it is 
seen from (1.10), the contribution related to the decrease of the gradient of solution 
concentration near the bubble surface, which decreases the bubble growth rate with the 
growth of R . Finally, co-factor )/1/(1 RRσ+ , which increases with the growth of R , ac-
counts for the counteraction of Laplace forces to the bubble growth, i. e. the fact that the 
bubble growth is facilitated by the reduction of Laplace forces with the growth of R , 
while other factors are equal (the scale of its change is σR ). Notwithstanding the men-
tioned reduction of counteraction, the resulting contribution of the last two factors al-
ways leads to the deceleration of growth with the increase of bubble size. It becomes 
evident when the bubble growth equation (1.12) is rewritten in the following form: 
 
σ
ζ
RRR
RDsR c
+






−
11=ɺ . (2.1) 
Let us consider a non-trivial question of the introduction of initial condition to the 
bubble growth equation (2.1). In equation (2.1), as in equation (1.12), the influence of 
fluctuations on the bubble growth is neglected. Meanwhile, the nucleation of a bubble, 
later growing irreversibly, can in fact occur only as a result of fluctuational overcoming 
of the activation barrier; the barrier is overcome not by a single bubble, but by an en-
semble of bubbles. Due to this reason it is necessary to find the condition of validity of 
the assumption on the smallness of fluctuation influence on a bubble growth presup-
posed in equation (2.1). 
Let us use the arguments from [18]. As it was shown in [7-9] these arguments are 
applicable to the problem under consideration at the condition of mechanical equilib-
rium between the bubble and the solution. 
Although the influence of fluctuations is being attenuated with the strengthening 
of inequality cRR > , it nevertheless is still essential [18] in the area 
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( ) 2140 piσkTRR c <−< , where the upper bound is an order of magnitude estimate. In-
deed, fluctuations can bring bubbles back from this area to the pre-critical area cRR < . 
In order to neglect the influence of fluctuations on bubble growth it is necessary that  
the radius of that bubble to satisfies the strong inequality  
 ( )1 24cR R kT piσ− >> . (2.2) 
Irreversible growth of such bubbles is described by equation (2.1), which replaces a 
more complicated kinetic equation of Fokker-Planck type, accounting for fluctuations. 
The estimation of quantity ( )1 24kT piσ  for water at standard conditions gives the 
value 8~ 10 cm− . For cR  under the condition of strong supersaturation ( 3~ 10ζ ) the esti-
mation is cmRc 710~ − . Evidently, in this case inequality (2.2) is observed well in the area 
2 cR R≥ , where bubble growth can be a fortiori considered regular. That is why the ini-
tial condition to equation (2.1) can be chosen in the form of 
 
=0( ) | = 2t cR t R . (2.3) 
It is clear that the use of equation (2.1) is possible in the area of sizes R , a bit less 
than 2 cR . Then, on the one hand, strong inequality (2.2) will be satisfied with less preci-
sion; and, therefore, the neglect of fluctuations will be less justified. On the other hand, 
as we will show in section 3 of the current paper, the range of times available for ex-
amination using equation (2.1), will then expand insignificantly. 
Let us note that during the initial period of bubble growth corresponding to the 
initial condition (2.3), when cc RRR <<−≤ 20 , the condition of steady growth of a bubble 
(1.17) will be (as we will see from inequality (2.17)) satisfied; moreover, this will be 
valid regardless of the values of solution supersaturation, even when the gas solubility is 
not too small. Such values of solubility are typical for the case when there is no disso-
ciation and chemical transformations of dissolved molecules. 
We will call bubbles which radius is cRR 2≥  far supercritical ones. Evolution in 
time of a far supercritical bubble takes place rather regularly (without fluctuations). The 
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limitation from below on the bubble radius, at which the influence of fluctuations on the 
bubble growth is negligible, was not considered in [5, 6]. 
Before, using the initial condition (2.3), we find the explicit solution of equation 
(2.1), describing the size growth of a far supercritical bubble as a dependence on time 
from the moment of its nucleation. Let us consider the change of the character of bubble 
growth process with the increase of its size. This will let us mark out the representative 
stages of growth and to determine corresponding characteristic bubble sizes. Duration 
of the consecutive stages and the character of bubble radius time dependence on each 
stage will be considered in the next section. Let us notice that the stages of our interest 
do not have anything in common with the stages of evolution of the whole ensemble of 
bubbles during the decomposition of liquid solution supersaturated with gas. 
From (1.14) and (1.15) it can be seen that cRR >>σ . Using this inequality, equa-
tion (2.1) and boundary condition (2.3) we have that the growth rate of the bubble ra-
dius in its dependence from this radius has to reach the maximum value achieved at cer-
tain bubble radius mRR =  from the interval σRRR mc <<2 . Thus it is natural to consider 
the growth in the following interval of sizes 
 mc RRR ≤≤2  (2.4) 
as a first stage of supercritical bubble evolution, where the determining factor is the in-
crease of the driving force of the growth. At this stage bubble growth goes with the in-
creasing in time rate, reaching its maximum at mRR = .  
In order to obtain mR  we will consider the rate of bubble growth as a function of 
its radius and differentiate both parts of equation (2.1) with respect to R : 
 22
2
)(
)()(
σ
σζ
RRR
RRRRRDs
dR
Rd ccc
+
−−+
=
ɺ
. (2.5) 
The quantity mR  is defined by the extremal condition  
 0=
= mRR
dR
Rd ɺ
, (2.6) 
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which with account for (2.5) leads to the following result 
 
2/12 )( σRRRRR cccm ++= . (2.7) 
Accounting for the strong inequality cRR >>σ , we can simplify the obtained expression 
for mR : 
 
2/12/12/1 )())/(1()( σσσ RRRRRRR cccm ≈+≈ . (2.8) 
In accordance with (2.4) and (2.8), on the first stage of growth we have the following 
expression for the bubble radius 
 
2/1)(2 σRRRR cc ≤≤ . (2.9) 
As it follows from equation (2.1) and initial condition (2.3), the bubble growth rate at 
the zero time (at cRR 2= ) is 
 
σσσ
ζζ
R
Ds
RRR
DsR
c
RR c 2/21
1
22
≈
+
=
=
ɺ , (2.10) 
and the maximum value of growth rate reached at the end of the first stage, can be 
found from (2.1) using equation (2.8) for mR : 
 
σσ
σ
σ
ζζ
R
Ds
RR
RR
R
DsR
c
c
RR m
≈
+
−
≈
=
2/1
2/1
)/(1
)/(1
ɺ
. (2.11) 
Thus, in the case of the initial condition in the form of (2.3), the bubble growth rate in 
the end of the first stage increases twice in comparison with the initial value. 
The second stage of the process will be when the bubble growth occurs within the 
interval of sizes 
 σσ RRRR c ≤≤
2/1)( . (2.12) 
During all this stage, as cc RRR >>2/1)( σ , it is already valid that cRR >> , thus the driving 
force Rnn −0  remains practically constant. As a result, bubble growth decelerates, al-
though, as it was noted above, the counteraction of Laplace forces to the growth gradu-
ally is attenuated. The bubble growth rate, following (2.1), decreases during the second 
stage from its maximal value (2.11) in the beginning of the stage to the value  
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σ
σ
σ
ζζ
σ R
DsRR
R
DsR cRR 2
)/1(
2
≈−=
=
ɺ , (2.13) 
decreasing two-fold and coming back to the initial value (2.10). 
The Laplace forces contribution R/2σ  to the pressure inside the bubble increases 
during the second stage by 2/1)/( cRRσ  times and at the completion of this stage becomes 
comparable with the external pressure Π  contribution (from (1.13) we have strict equal-
ity Π=
2
32
σ
σ
R
). It is this physical condition that defines the completion of the second 
stage. 
On the subsequent, third stage, which corresponds to the interval of sizes σRR ≥ , 
monotonous decelerated bubble growth continues. At the same time, the role of Laplace 
forces continues to decrease gradually, and the pressure inside the bubble approaches to 
a constant value equal to the external pressure Π . As it will be shown in the next sec-
tion, this process is rather protracted, so the concluding phase of the third stage, when 
the pressure inside the bubble practically does not change and the use of self-similar so-
lution [16] is possible, comes only in the interval of sufficiently large sizes of the bub-
ble, when the condition σRR >>  is satisfied with a certain reserve. 
Concluding this section we will study the condition of applicability of steady ap-
proximation (1.10) expressed as a strong inequality (1.17) on each of the consecutive 
stages of bubble growth. As it was noted in section 1, limitation (1.17) becomes stricter 
with the increase of R . In the interval of extremely large bubble sizes (the concluding 
phase of the third stage) this limitation transforms into the strong inequality 
 
2/12/1 /1 ζ<<s . (2.14) 
Obviously, when condition (2.14) is fulfilled, the applicability of steady approximation 
is valid during the whole process of bubble growth. If initial solution parameters are 
such that condition (2.14) is not fulfilled, then the steady condition will be violated as 
the bubble size increases. Thus transition to non-steady growth regime is inevitable. The 
size at which such a transition takes place depends on the values of parameters s  and ζ . 
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Let us clarify the limitations on s  and ζ  imposed by condition (1.17) during each of the 
consecutive stages of bubble growth.  
Steady state of bubble growth during the first stage takes place, if inequality 
(1.17) is fulfilled at 2/1)( σRRR c= . Corresponding limitation is expressed (let us remind, 
that cRR >>σ ) by inequality 4/12/1 )/()( cRRs σζ << , which, accounting for equality (1.14), 
can be presented as: 
 
4/1
2/1
3
2






<< ζs . (2.15) 
It is evident that inequality (2.15) is significantly weaker than limitation (2.14). In order 
to guarantee the condition of steady bubble growth during the second stage, it is neces-
sary to fulfill it at σRR = . As it follows from inequality (1.17), with account for the rela-
tion cRR >>σ  this requirement leads to the limitation 
 
2/1
2/1 2






<< ζs . (2.16) 
Steady growth on the third stage, when the bubble size can be arbitrarily large, takes 
place when the condition (2.14) is fulfilled. Let us note that limitations (2.14) and (2.16) 
practically coincide. 
In accordance with inequality (1.15), supersaturation ζ  should be significant. Us-
ing this fact in obtained limitations (2.14) – (2.16) we have that steady approximation 
for the bubble growth is applicable at all the stages only in the case of extremely small 
gas solubility. The weakest limitation is the one needed during the first stage of growth. 
Nevertheless, at supersaturation values under consideration 10>>ζ , from (2.15) it fol-
lows that even during this stage the steady approximation could be used only in the case 
when gas solubility is rather small. 
Let us note that in the very beginning of the process of the far supercritical bubble 
growth, i. e. in the size interval cc RRR <<−≤ 20 , the steady condition  (1.17) can be ex-
pressed as the following inequality with account for inequality cRR >>σ  and equality 
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(1.14) 
 
2/1
2/1
3
2






<<s , (2.17) 
which does not include large quantity ζ . Limitation (2.17) is significantly weaker than 
inequalities (2.14) – (2.16), and thus it is well justified, in accordance with the tabular 
information from [19, 20] on solubility of different gases in different liquids. Following 
this tabular data it follows that 12 1010 −− << s  (in the absence of dissociation and chemi-
cal transitions of dissolved molecules). 
 
3. DURATION OF CONSECUTIVE STAGES AND TREND  
TOWARDS SELF-SIMILAR REGIME OF BUBBLE GROWTH 
Let us write the bubble growth equation (1.12), i. e. equation (2.1), in the form 
which is convenient for integration: 
 .=
1/
/)()( ζσσ DsRR
RRRRRRRRRR
c
c
ccc
−
++++
ɺ
ɺɺ
 (3.1) 
Integrating equation (3.1), we obtain  
 
( ),=1ln)()(
2
2
τζσσ +





−++++ tDs
R
RRRRRRRR
c
ccc  (3.2) 
where τ  is the constant which has time dimensionality and is defined by the initial 
value of radius at time 0=t . Using initial condition (2.3), from equation (3.2) we find 
 ζτ
σ
Ds
RRR cc )2(2
=
+
. (3.3) 
Excluding time τ  from equation (3.2) by means of equation (3.3), we obtain 
 ).2(    =1ln)()2)((
2
4 22
c
c
cccc
c RRtDs
R
RRRRRRRRRR ≥





−++−++
− ζσσ  (3.4) 
In equality (3.4) instead of limitation cRR 2≥ , accounting for initial condition (2.3), we 
could write limitation 0≥t . 
Validity of the general equation (3.4), which accounts strictly and analytically for 
Laplace forces influence on the bubble growth process, is limited only by the condition 
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of applicability of steady approximation (1.10) for the diffusion flux. Equation (3.4) 
complies with the results obtained in papers [5, 6] for the particular case of steady 
growth of a bubble. In papers [5, 6] it was not clarified what the limitation on the bubble 
radius is when these formulas obtained without account for the fluctuation influence on 
bubble growth, are valid. 
Equation (3.4) does not imply the smallness of quantity σRRc/  which follows from 
relations (1.14) and (1.15). As it was shown in the previous section, when this ratio is 
small, one can, using bubble growth equation (2.1) and initial condition (2.3), trace 
three characteristic stages in the bubble evolution after its nucleation. Equation (3.4), 
giving the explicit dependence of bubble radius on time, allows us, in particular, to find 
characteristic times corresponding to consecutive stages. 
According to relations (2.4) and (2.8), at the end of the first stage the bubble ra-
dius reaches, the value 2/1)( σRRR cm = . Substituting value mRR =  to the equation (3.4) and 
considering that, (by virtue of inequalities σRRR mc <<<< ), the main contribution to the 
left hand side of (3.4) is made by the second addend, we obtain the expression for the 
first stage duration 1t  
 
2/12
1 





=
σ
σ
ζ R
R
Ds
R
t c . (3.5) 
Using equation (1.14), expression (3.5) can be also presented in the form  
 2/3
22/1
1 2
3
ζ
σ
Ds
R
t 





= . (3.6) 
As it follows from (3.6), with the increase of initial supersaturation of the solution, the 
first stage duration decreases proportionally to 2/3/1 ζ . 
The second stage of bubble growth starts at the time point 1t  and finishes at the 
time point 2t  defined by the condition σRR tt == 2 . Substituting value σRR =  to the equa-
tion (3.4) and considering that, by virtue of inequality σRRc << , the main contribution to 
the left hand side of (3.4) is made by the first and the second addends, we obtain the ex-
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pression for 2t  
 ζ
σ
Ds
R
t
2
2 2
3
= . (3.7) 
As one can see from this expression, 2t  dependence on initial solution supersaturation is 
defined by multiplier ζ/1 . The duration of the second stage is much longer than the du-
ration of the first stage, as from expressions (3.6) and (3.7) it follows that 
 1
2
3 2/1
1
2 >>





=
ζ
t
t
. (3.8) 
Let us note, that the time dependence of the bubble radius defined by relation 
(3.4) has an especially simple character (direct proportionality) in the interval 
σRRRc <<<< . Indeed, in this interval the main contribution to the left hand side of the 
equation (3.4) is made only by the second addend. Thus from (3.4) we obtain 
 





<<<< ζζ
ζ σσ
σ Ds
R
t
Ds
RR
t
R
DsR c
2
= . (3.9) 
Before we approach the consideration of the third stage of bubble growth, let us 
return to the question about the choice of initial condition in the form (2.3). Let us begin 
the description of the bubble growth using equation (2.1) from the size 
( )1 24 1.1c cR R kT Rpiσ= + ≈ , instead of the interval cRR 2≥ , where, according to section 2, 
the smallness of fluctuations contributions is automatically guaranteed. Let us find the 
time t∆  of bubble growth from the size 1.1 cR R=  to the size 2 cR R=  and show that, at 
the values of system parameters under consideration, this time is small even in compari-
son with time 1t  – duration of the first and shortest stage of growth. 
Substituting in equation (3.2) 1.1 cR R=  and 2 cR R=  and subtracting the obtained 
equations, we have: 
 
21.4 3, 2 =c cR R R Ds tσ ζ+ ∆ . (3.10) 
Accounting for the strong inequality cRR >>σ , we obtain the following from equation 
(3.10) 
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 3.2 cR Rt
Ds
σ
ζ∆ = . (3.11) 
From (3.5), (3.11) and (1.14) the following evident equation for the ration of the time 
t∆  and 1t  can be concluded: 
 
1/ 2
1
33.2 .
2
t
t ζ
 ∆
=  
 
 (3.12) 
At the characteristic supersaturation value 3~ 10ζ  formula (3.12) gives us 1 ~ 0.1t t∆ . 
Now let us consider the third stage of bubble growth, when σRR ≥  and 2tt ≥ . First 
of all, let us note that at the end of the first stage, when the bubble radius R  approaches 
the value ( ) 2/1σRRc , and with even more assurance on the second and the third stages, 
one can neglect the logarithmic addend in equation (3.4) (it was accounted for earlier, 
when expressions (3.5), (3.7) and (3.9) were obtained). Indeed, at σRR ≥  the ratio be-
tween the third addend in (3.4) and the second one is a small value in accordance with 
inequality 
 1ln <<





c
c
R
R
R
R
. (3.13) 
Moreover, since during the third stage the main contribution in the left hand side of 
(3.4) gradually with increase of the bubble radius R  tends to come from the first addend 
equal to 2/2R ; and the contribution of the second addend (influence of Laplace forces) 
decreases, neglect of logarithmic contribution becomes fairly justified. As a result, 
equation (3.4) conformably to the third stage of bubble growth can be written in the 
form of 
  =
2
2
tDsRRR ζσ+ . (3.14) 
Solving quadratic equation (3.14) on R , we find explicit dependence of bubble 
radius on time during the third stage of growth: 
 )()(2= 21/22 ttRRtDsR ≥−+ σσζ . (3.15) 
The obtained expression is valid at all 2tt ≥  only when condition (2.14), guaranteeing 
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the assumed steadiness of the bubble growth during this stage, is fulfilled. 
Assuming this condition to be fulfilled, we use relation (3.15) for the description 
of the trend of the third stage towards self-similar regime of bubble growth studied in 
[16]. According to [16], self-similar regime of growth requires that the bubble has such 
a large size that the influence of Laplace forces can be excluded from consideration. 
However, this regime of growth does not imply any limitations on gas solubility. As it 
has been shown in [16], while we consider conditions of small gas solubility, self-
similar regime is steady when limitation 1)( 2/1 <<ζs  is fulfilled, which is in exact con-
cordance with condition (2.14). 
The time dependence of the bubble radius obtained using self-similar solution 
[16] in the limiting case 1)( 2/1 <<ζs  is given by expression 
 )(     )(2= 01/2* tttDsR ≥ζ , (3.16) 
where time t  is counted, as in the present paper, from the moment of nucleation of the 
far supercritical bubble. Symbol * at R  indicates that the solution was obtained within 
the framework of the self-similar theory. Characteristic time 0t  in the dependence (3.16) 
is chosen in such a way that the bubble radius at this time significantly exceeds the 
value Π/2σ : 
 
Π
>>
σ2
0R , (3.17) 
where radius 0R is defined by the condition 
 
0=*0
|)( tttRR = . (3.18) 
Then, from (3.16) it follows that 
 ζDs
R
t
2
2
0
0 = . (3.19) 
In accordance with inequality (3.17), in the bubble with radius 0R  the contribution of 
Laplace forces to the pressure is significantly less than the value of external pressure. 
Let us note that within the framework of self-similar theory it is impossible to 
make a strict evaluation of the accuracy of time dependence of bubble radius obtained 
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using this theory. In [16] it has been assumed that at any arbitrary value of solubility the 
relative accuracy of expression (3.16) is equal to the relative deviation of the pressure in 
the bubble from the external pressure; and applicability of expression (3.16) has been 
determined using the estimation 
 
Π
≅
σ40
0R  (3.20) 
(estimation (3.8) in [16]) which guarantees the justification of inequality (3.17) with a 
considerable reserve. 
The obtained expression (3.15) which accounts for the influence of Laplace 
forces strictly, allows us to make a strict evaluation of the accuracy of self-similar ap-
proximation in the considered case 1)( 2/1 <<ζs , when the steady growth of a gas bubble 
takes place. 
From equations (3.20) and (1.13) it follows that  
 30/0 ≅σRR . (3.21) 
Correspondingly from equations (3.19) and (3.7) we find 
 
2
20
0 2
1/ 3 10 .
3
R
t t
Rσ
 
= ≅ × 
 
 (3.22) 
As it follows from equation (3.22), strict equation (3.15) is applicable a fortiori at 
time 0tt ≥ . At the same time, using equality (3.16), we can write equation (3.15) in the 
following form 
 ).(     )(= 01/222* ttRRRR ≥−+ σσ  (3.23) 
By virtue of relation (3.21) and inequality  0* RR ≥  )( 0tt ≥ , we have 
 ),(     1/30/ 0* ttRR ≥<σ  (3.24) 
thus  1/
*
<<RRσ  )( 0tt ≥ . Now from equation (3.23) now we obtain 
 [ ] ),(     )(/21)(=)( 0** tttRRRtRtR ≥−− σσ  (3.25) 
where we explicitly indicate the dependence of R  and 
*
R  on t . 
Equation (3.25) gives us the analytical description of the trend of the exact solu-
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tion (3.15) towards the self-similar regime of bubble growth at times 0tt ≥ . As it follows 
from the expression (3.25) which, as can be seen from (3.24), is practically equivalent 
to the expression 
 [ ] ),(     )(/21)(=)( 0tttRRRtRtR ≥−+∗ σσ  (3.26) 
self-similar solution )(
*
tR  gives us overestimated value of bubble radius. The difference 
between )(
*
tR  and exact solution )(tR  increases monotonically with time, approaching 
constant value σR , and for extremely large t  we have σRtRtR ≈− )()(* . For the relative 
deviation of )(
*
tR  from )(tR  caused by the influence of Laplace forces from equation 
(3.25) we find: 
 [ ] ).(     )(/21)(=)(
)()(
0*
**
* tttRR
tR
R
tR
tRtR ≥−− σσ  (3.27) 
In accordance with inequality (3.24), this deviation does not exceed 1/30 at 0= tt . 
Thus, strictly defined deviation (3.27) turns out to be less than the evaluation obtained 
in [16], which was calculated without the use of condition of small gas solubility. With 
the further increase of t  the relative deviation decreases, as it can be easily proven using 
equation (3.16) proportional to 1/20 )/( −tt .  
Trend towards the concluding phase of the third stage of bubble growth is, by vir-
tue of equations (3.22) and (3.8), an extremely protracted process in comparison with 
the bubble growth during the first two stages. Thus, the “memory” of the influence of 
Laplace forces in the time dependence of the bubble radius remains for a relatively long 
time. 
 
CONCLUSIONS 
The discussion presented above has shown that at high values of initial supersatu-
ration of solution necessary for the formation of supercritical nucleus and real values of 
solubility the gas bubble growth is a multistage process and, as a rule, it turns into non-
steady regime. The influence of Laplace forces remains valid for a long period of bub-
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ble growth. 
Thus, it is crucial to obtain the solution of the problem of physically correct de-
scription of non-steady growth of a gas bubble in the interval of its sizes cRR 2≥  with 
account for the influence of Laplace forces and high value of initial supersaturation. The 
conditions and regularities of the steady bubble growth on each of the revealed stages, 
including at cc RRR <<−≤ 20 , give reliable foundations to obtain a solution of such prob-
lem. 
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